Abstract. Some functorial properties are studied for the Hörmander classes defined for symplectic bundles. The behavior of the Chern first form on a Lagrangian submanifold in an almost Hermitian manifold is also studied, and Fomenko's conjecture about the behavior of a Maslov class on minimal Lagrangian submanifolds is considered.
Introduction
In this work we are interestied in the characteristic classes of sympletic bundles and Lagrangian subbundles. One of such classes was discovered when studying asymptotic solutions of linear partial differential equations [1] and called a Maslov class. In [2] Arnold gives a pure geometric interpretation of the Maslov class.
A generalization of the Maslov class to higher cohomological dimensions was defined by Arnold and studied in [3] . Another generalization of the above-mentioned classes is defined by Trofimov in [4] .
In [5] and [6] Hörmander defined the cohomology classes σ(E; X, Y ) ∈ H 1 (M ; Z) for arbitrary sections X and Y of Lagrange's Grassmanian
L(E)
π → M , where E p → M is a sympletic fibre bundle. These classes are described in [7] .
In [8] Fomenko formulates a conjecture that all Maslov-Arnold characteristic classes of minimal Lagrangian surfaces are equal to zero, and this conjecture is proved when Lagrangian surfaces are submanifolds in M 2n = R 2n = C n . The paper is organized as follows. In §1 we will describe the condition when the Maslov index (γ) is an even number for an arbitrary closed curve γ in the Lagrangian manifold (Theorem 1.1) and prove one functorial property for Hörmander classes σ(E; X, Y ) (Theorem 1.3). In §2 a class of Lagrangian manifolds LH(M ) is considered in an almost Hermitian manifold M with the following property: J * α H is an exact 1-form in each manifold from LH(M ), where J is an almost complex structure and H is a mean curvature with respect to the inclusion in M . It is proved that c| N is an exact 2-form for the Lagrangian manifold N in the Hermitian manifold M and c| N = 0, if N ∈ LH(M ), where c is the first Chern form. The extended variant of Fomenko's conjecture on the class LH(M ) was also formulated and studied. This conjecture is proved for the class LH(T * Q n ), where Q n satisfies some additional condition (Theorem 2.8).
In conclusion we note that it remains unknown whether Fomenko's conjecture is true or not in the general case and how much the class LH(M ) extends the class of minimal Lagrangian submanifolds in M . § 1. Construction of Maslov and Hörmander Classes
is called a Lagrangian plane if the restriction of ω on ζ vanishes. By L(V ) we denote Lagrange's Grassmanian which consists of all Lagrangian n-planes. It is well known that if we have a fixed point X ∈ L(V ), then L(V ) can be represented as a homogeneous space U (n)/O(n), where the orthogonal group O(n) is cannonically imbedded in the unitary group U (n). Let us consider the fibre bundle
where the map det 2 is a fibre map and SU (n)/SO(n) is a fibre at the point 1 ∈ S 1 ⊂ C. The space SU (n)/SO(n) is simply connected; therefore the long exact homotopy sequence of fibre bundles implies that π 1 (L(V )) = Z and hence H 1 (L(V ); Z) = Z. From the formula of universal coefficients For each closed curve γ in N there is a map
which is called a Gaussian map. This map defines the integer
and thereby the class of cohomology from H 1 (N ; Z). This class does not depend on the choice of a Lagrangian plane X ∈ L(V ) and is called the Maslov class of a Lagrangian manifold N .
Proof. First notice that the map det : U (n) → S 1 induces an isomorphism between the fundamental groups π 1 (U (n)) and π 1 (S 1 ). Indeed, the long exact homotopy sequence of fibre bundles
The map (det) * is an isomorphism, since SU (n) is a simply connected space. It is clear that the map
is an isomorphism. The composition of (det) * and the above-mentioned map give the natural isomorphism
The projection p :
which is multiplication by 2. This statement immediately follows from the commutative diagram
This monomorphism can be written explicitly as
where γ is the closed curve is U (n).
Remark 1.4. The experience accumulated in investigating various concrete mechanical systems and calculations of the Maslov class for the Liouville tori of such systems show that an overwhelming majority of systems even numbers as components of the Maslov class [9] , [10] . Theorem 1.3 describes the mechanism of such occurrence.
Now we briefly recall the definition and construction of more general classes, namely, of Hörmander classes [7] .
where Q Z and Q W are nondegenerate quadratic forms on Y /X ∩ Y defined by the formulas 
Let E p → M be a symplectic vector fibre bundle, i.e., for each point m ∈ M there is a symplectic 2-form ω m on E m which smoothly depends on m. Then we can consider the fibre bundle
Now let X and Y be the sections of the bundle L(E), and U = {U α } α∈I be an open covering of M such that all nonempty finite intersections are diffeomorphic to R n (such a covering is called a good covering). Then for arbitrary neighborhoods U α and U β one can find sections Z α and Z β of L(E) on U α and U β , respectively, such that Z α (m) and Z β (m) are transversal to X(m) and Y (m) for each point m ∈ U α ∩ U β . In this situation theČech 1-cocycle σ can be defined by the formula
(1.5)
The cohomology class [σ] is called the Hörmander class for a symplectic vector fibre bundle E and sections X, Y and denoted by σ(E; X, Y ) ∈ H 1 (M ; Z). From (1.4) and (1.5) one can conclude that
Then we can consider the fibre bundle
It is not difficult to see that class [σ] has the following functorial property:
is a pullback bundle of the bundle (E, p, M ), where f :
(f * X, f * Y are pullback sections of the sections X and Y by the map f ).
The following equalities arise from (1.4) and (1.6):
(1.8)
For each section X of the bundle L(E) there is a characteristic class σ X defined by the formula
The property (ii) immediately follows from (1.8) and (1.6). Indeed,
The first property is more difficult and can be found in [7] .
To prove Theorem 1.6 we will use the following well-known theorem [11]. Proof. By virtue of the properties (i) and (ii) of the Hörmander class σ X and Theorem 1.5 we can write and Y * to both sides of (1.11) and taking into account (1.8) and (ii), we respectively have
Now from (1.6), (1.12), (1.13) we obtain k(X, Y ) = 1, and formula (1.11) acquires the form
It is clear that (1.14) and (1.10) are equivalent equalities (see (1.8)). § 2. Fomenko's Conjecture
Let M 2n be an almost Hermitian manifold, i.e., there exist a tensor field J and a Riemannian metric g on M , where J is an endomorphism of the tangent bundle T M with the property J 2 = −id and g is an invariant with respect to J, i.e., g(JX, JY ) = g(X, Y ) for all vector fields X, Y ∈ T (M ) on M . The fundamental 2-form on M is defined by the formula
When Φ is a closed 2-form, M is called an almost Kaehlerian manifold and Φ is called an almost Kaehler form on M . In this case M is a symplectic manifold with a symplectic 2-form Φ. The converse is also true: for every symplectic manifold (M 2n , ω) there exists an almost Hermitian structure on M such that the fundamental 2-form of this structure coincides with the symplectic 2-form ω. Thus every symplectic manifold is an almost Kaehlerian manifold [12] . Now let N n be a Lagrangian submanifold in an almost Kaehlerian manifold M 2n , i.e., i * Φ = 0, where i : N → M is the imbedding map. By V N we denote the normal fibre bundle on N with respect to the metric g on M (i.e., V x N is a n-plane in T x M , which is orthogonal to T x N , x ∈ N ), and by ∇ we denote the Riemannian connection on M . We recall that the trace of the following morphism of the fibrations
(where x, y ∈ T n N , n ∈ N , and Y is the locally defined vector field on M which extends the vector y, Y | N is the section of T N , and (∇ x Y ) V is the normal component of vector ∇ x Y ), which can also be considered as a section of the fibration V N , is called the mean curvative of the submanifold N and denoted by H. More precisely, if e 1 , . . . , e n is an orthobasis of the plane T n N and V is a locally defined vector field on M whose restriction on N is a section of V N and V (n) = v, then the mean curvature H is defined by the relation
We recall that N i → M is called a locally minimal submanifold if the mean curvature H is zero at every point of N . From (2.1) we can conclude that the diagram
By α H we denote a section of the fibration A 1 (V N ) (the fibration of the exterior 1-forms on V N ) defined as
Definition 2.1. We say that the Lagrangian manifold N in M is locally minimal from the cohomological point of view if the 1-form β = J * α H defines the trivial class of cohomology H 1 (N ; R).
The class of the above-defined submanifolds is denoted by LH(M ).
In [13] Le Hong Van, relying on the calibrated geometry methods developed in the fundamental work [14] , shows that there exists a 1-form ψ on L(T M ) such that the Lagrangian submanifold N in M is locally minimal if and only if
Now we will briefly describe the 1-form ψ. By ε 1 , . . . , ε n we denote the complex conjugate vectors of the vectors ε 1 (x), . . . , ε n (x). Then the vectors 
Frames of the type R c (x) and R c (x) = {ε 1 (x), . . . , ε n (x)} construct the principal bundle U (M ) on M with a structure group U (n) which is a subgroup in U (2n) by means of the imbedding A → A 0 0 A , A ∈ U (n). Then the above-mentioned Riemannian connection ∇ with respect to the metric g can be expressed on each open set U α by the matrix of 1-forms
where
The matrices (π i j ) (on each U α ) define an almost Hermitian connection which is called the first canonical connection for an almost Hermitian manifold M .
From the first structure equations of E. Cartan we have
where 
coincides with the torsion vector T of an almost complex structure. By direct calculation (using the fact that dΦ = 0) we can obtain Γ i kq = 0. So (2.4) finally has the following form:
By L(T M ) we denote Lagrange's Grassmanian associated with the sym- ((ε 1 , . . . , ε n )) = e 1 ∧ · · · ∧ e n (here the multivector e 1 ∧ · · · ∧ e n is identified with the Lagrange n-plane span {e 1 , . . . , e n }), defines the principal bundle with the structure group O(n). On the space U (M ) there exists a 1-form 
(T M ). It is easy to verify that
This means that the form 2 Im(T i i k θ k ) can also be pulled down and so there exists a 1-form ψ on L(T M ) such that
When M is a Hermitian manifold (T = 0), the 1-form ψ on L(T M ) has a simpler form [8] 8) where f and θ are the locally defined functions on L(T M ).
Lemma 2.2. The diagram is commutative:
where i is the imbedding map and G is the Gaussian map.
is an n-form of comass 1 on D and Since ϕ has comass 1, X(ϕ(e 1 , . . . , e n )) = 0, and X ϕ ≡ 0 for all X⊥T n N . Thus from the above equality we have
In the fourth equality the fact that ∇ X e i , e i = 0 is used, and e i denotes the locally defined vector fields on D which extend the vectors e i , i = 1, n.
By direct calculation we can obtain (S
The second structure equations of E. Cartan for the first canonical connection π = (π i j ) i,j=1,n have the form
where Ω is the curvature form for the connection π. Taking into account π 
For an open covering U = {U α } α∈I of the manifold M there exists a commutative diagram
From the above equations we have
In the particular case, when i * [ϕ] is not a pullback class from H 1 (N ; R), we have k = 0 and therefore (2.18) can be rewritten as 
Proof. For the 1-form ψ and the Gaussian section G (2.16) can be rewritten as This corollary follows from Theorems 2.4 and 2.8.
